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Constitutive equations

In order to characterize a masonry-like material we assume
that the stress must be negative semidefinite and that the
strain is the sum of two parts: the former depends linearly
on the stress, the letter is orthogonal to the stress and
positive semidefinite,

T € Sym™

E=FE°+ E/

E/J ¢ Sym*

T =C|E°]

E/. T =0
where

E(u) = 3(Vu+ Vu')

Is the infinitesimal strain and C is symmetric and positive

definite, i.e.,



A, - C[Ay] = Ay - C[A4],

A -C[A] >0foreach A Sym, A#0

Proposition

For each E € Sym there exists a unique triplet

(T, E¢, E/) that satisfies the constitutive equation.
Moreover, a masonry-like material is hyperelastic.

We write

for the stored energy.



Notations

2 reference configuration of the body
0N =DUS, suchthat DNS =0

u displacement field, such thatu, =0

s:S—R? surface traction
b:Q — R3 body force
T:Q — Sym stress tensor

S



Limit analysis
The limit analysis deals with a family of loads £(\) that
depend linearly on a scalar parameter A € R,
L) = (b}, 8") = (b, + \by, 8, + \sy)

b,, s,  permanent part of the load

b,, s; variable part of the load

A loading multiplier
b, and b, are supposed to be square integrable functions on
(1, s, and s, are supposed to be square integrable functions

on §S.



Let

V={ve WH(Q,R?) :v=0ae. on D}
be the Sobolev space of all R? valued maps such that » and
the distributional derivative Vv of » are square integrable
on €.
For each (A, v) € R x V' we define the potential energy

of the body

I()\,v):/gw(E(v)dV— /Qv-bAdV—/Sv-sAdA

where

/Q w(E(v)dV

Is the strain energy and

< LAN),v> :/

Q

v-bAdv+/v-sAdA

S

IS the work of the loads.



Moreover, we define the infimum energy

Io(\) = inf{I(\,v) ;v e V}.

Proposition
(i) The functional I, : R — R U { — oo} is concave,
Ip(ad + (1 —a)u) = alo(X) + (1 — a)lo(p)
forevery \, p € Rand a € [0, 1].
Therefore, the set
A: ={AeR: (N> — o0}

IS an interval.



(if) The functional I, is upper semicontinuous,

Io(A) = lim suplo ()
for every A € R and every sequence A\, — .
We interpret the elements of A as loading multipliers for

which the loads £(\) are safe, i.e. the body does not

collapse.



Each finite endpoint \. of the interval A is called a
collapse multiplier with the interpretation that for A = ).
or at least for X\ arbitrarily close to \. outside A the body
collapses.
We say that a stress field 7" is admissible if

T ¢ L?(Q,Sym™)
and that 7" equilibrates the loads £(\) = (b, s?) if

/T-E(v)dV:/fu-bAdVJr/v-sAdA
Q Q

S

foreveryv e V.,
We say that the loads £()\) are compatible if there exists a

stress field 7" that is admissible and equilibrates £(\).



Proposition (Static theorem of the limit analysis)
The loads £(\) are compatible if and only if
Iy(A) > — 0.
That is the loads £(\) are safe (i.e. A € A) if and only if
there exist a stress field 7" which
(i) issquare integrable,
(i1) takes its values in Sym™,

(iii) equilibrates the loads £(\).
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Rectangular panels
In the study of the static of masonry panels we verify that
the problem of finding negative semidefinite stress fields
that equilibrate the loads is considerably simplified if
instead of stress fields represented by square integrable

functions we allow the presence of curves of concentrated

stress.
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Example
In the following example, firstly, we will obtain a stress
field which is a measure, whose divergence is a measure,
that equilibrate the loads in a weak sense. Then we will see
a procedure that, starting from this singular stress field,
allow us to determine a stress field which is admissible and

equilibrates the loads in the classical sense.
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-~ -

Q = (0,b) x (0,h) C R,
D = (0, B) x {h},
S = dO\D,
b =0,
pg, on (0,b) x {0}

SA('r) = ¢ Ai, on {0} x (0,h)
0 elsewhere

wherep >0, A >0andr = (z,y).
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-~

The singularity curve ~* can be obtained by imposing the
equilibrium of the shaded rectangular region with the
respect to the rotation about its left lower corner. We

obtain

v ={(z,y) €Q:y=/T 7}
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which divides Q into the two regions 7},

0 ={(z,y) €Q:y> \/gx},
O ={(z,y) €Q:y< \/gzc}

The singularity curve 4 has to be wholly contained into
the region 2 and this implies

0< A< A,
with

_pb’

)\C—ﬁ.
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For the regular part of the stress field 77* (defined outside
~*) we take
—pji® 4 ifreQ)
TA — pJ %Y J | +
() { Ni®i ifre.
The stress field defined on ~* can be obtained by imposing

the equilibrium of the shaded rectangular region with the

respect to the translation. We obtain

T Nr) = —/pr LT

vl

We note that — is the unit tangent vector to ~”.

7]
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The stress field

TA:ﬂA _|_1';)\

has to be interpreted as a tensor valued measure. That is,
a function defined on the system of all Borel subsets of (2

which takes its values in Sym~ and is countably additive,

R (G AZ-) - iTA(AZ-)

for each sequence of pairwise disjoint (borelian) sets.
T* is the sum of an absolutely continuous part (with
respect to the area measure) with density 77 and a
singular, part concentrated on «*, with density 7°. Both

the densities 77 and 7" are regular functions.
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We can prove that the stress measure T* weakly

equilibrates the loads (6%, s*), that is

/E(v)dT = /v-bAdV+/v-sAdA,
Q Q S

foranyv € V.
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Integration of measures
By the static theorem of limit analysis, in order to assert
that the loads £()\) are compatible we need an equilibrated
stress field that is a square integrable function and then
equilibrated stress measures are not enough.
Now we describe a procedure that in certain cases allows
us to use the stress measure T* to determine a square
integrable stress field 7. Crucial to this procedure is the
fact that both the loads (s*, b*) and the admissible

equilibrating stress measure T* depend on a parameter \.
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A P P A A D B

X 0

7,

The idea is to take the average of the stress measure over
any set (1 — €, u + €), where € > 0 is sufficiently small.

Averaging gives the measure

R

T=— TN,
2€

U—e€
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It may happen that this measure, in contrast to T#, is
absolutely continuous with respect to the area measure with
a square integrable density.

For the previous example we obtain the following result.

IfO < A < A, then the loads £(y) are compatible. In fact

if (u—e,u+¢€) C (0,)\) then the measure

1 pte
T=_— T\

B 2€¢ ),
Is absolutely continuous with respect to the area
(Lebesgue) measure with density 7"

T is a bounded admissible stress field on €2 that

equilibrates the loads £(u). We have

T=1T +1T.
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The densities 7. and T, can be explicitly calculated. In

fact, we have

1 [re
Tr) =5 [ Trdx =
2€¢ ),
—pi®J ifrc Q)\A
— i Q14 ifrcQ*\A
2¢) N a(r)iwi +B(r)joj) ifreA

where
A={(z,y) €Q:p—e<pr’/y* < p+e}
Is the shaded area in the figure, and

ofr) = (0% ' — (it ),

B(r) = p(p — e — pa* /y*).
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Moreover,

2.2

— p°r .
Ti(r) = > rr ifrcecA

0 otherwise

It is easily to verify that the stress field
T'=1T, +1T;
Is admissible, i.e. 7" a square integrable function which

takes its values in Sym~, and that it equilibrates the loads

L(p),

Tn=s"onsS, divI =0in¥).
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Panels with opening
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Panel under gravity

The panel is subjected to a side loads and its own gravity

() = Ai on {0} x (0, H),
0 elsewhere.
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The singularity curve is

= {(a:,y) cQ:y= cbe/)\}, ¢c=1/2+ /3/6.

and
A = cbB?/H.
’I;?'r — b2 2 _
(r) —Ai@z’—bxi@j——xj@)j in O,

A

Withi @ j=i® j+ j @ 3.
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with

and

the unit tangent vector to 4.
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By integration we obtain

—byj @ j in M\ A
T(r)=Q —pui®i—-brioj—bx?/Ajoj in QM\A,
S(r) in A,

where

A={r=(2,y) :bex’/y € (n—e,p+e)}

and
b2zt 1
_ o1 _ 1 2] o
S(r) = — (2) {[ 12y2—|—2(,u—|—6)]z®z—|—
b2 3
[_—By +bx(u+s)}z®g+

OJ

[(\2/ +%+l %;8))52%‘2 ~by(p—o)]jwi}
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